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Polarized light passing through twisted special wave plates show entangled state of both SAM andOAM.
The variable circular and linear retarders (VCR andVLR) are studiedhere from the view point of quantum
processing of entangled states. Interestingly the geometric phase in associationwith twist dependent gain
of OAMhas been discussed here. As an application of VLR, the origin of gradual flattened shape of wave
fronts through successive array of antennas (QHQ) has been explained through new physical approach
of the concurrence of entangled states.
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1. INTRODUCTION
A light beam has well defined SAM that describe polariza-
tion.The phase fronts of light beams possess orbital angular mo-
mentum (OAM) along their direction of propagation [1].The
OAM can be of further two types(i)an external one,that aries
from the cross product of the total momentum (p) and the po-
sition vector (r) with respect to the origin of coordinates (ii)
an internal OAM component that is associated with the heli-
cal structure of the wave front around the beam axis and with
an optical vortex located at the beam axis. A particular choice
could eliminate the external OAM.For a paraxial beam having
an azimuthal phase dependence exp(ilϕ), OAM Hilbert space
eigenstates denoted by |l〉0,correspond to with integer l ,where
ϕ is the azimuthal angle around the beam axis [2][3][4].
Photon SAM can be manipulated by polarizers and birefrin-
gent plates. Cylindrical lens converters and Dove prisms can be
used for changing OAM slowly [5].With every value of OAM,
there are two polarized photons for which there exists 2 to 1 cor-
respondence between SAM and OAM sphere. It was thought
that these two different angular momentum of light are largely
independent and non-interacting. Recently they are seen to cou-
pled through specific complex media where a change of SAM
modifies the OAM and vice versa. Marrucci et al proposed that
in anisotropic inhomogeneous media the variation of SAM oc-
curring from the mediums birefringence gives rise to the ap-
pearance of OAM,arising frommedium’s inhomoginity [6].
The OAM beams are generated by a kind of birefringent
plate known as "q-plates" [7] which have very fruitful appli-
cations in the classical and quantum regime. Agarwal also
pointed out [8] that that q plate is the device which produces
entangled state of orbital degree of freedom(OAM) and spin de-
grees of freedom (SAM) resulting the involvement of degrees of
freedom optical medium.The property of birefringence devel-
ops quantum phases in the optical material.
This appeared phases may be either dynamical or geomet-
rical or a mixture of both. There are four different geometric
phases (GP) [9]. In the context of polarization optics Pancharat-
nam first studied [10] the phase Ω/2,where Ω is the solid angel
enclosed by the path of the light ray on the Poincare sphere. The
physical mechanism of different kind of GP’s originate from
spin or orbital angular momentum of polarized photon. van
Enk [11] pointed out that Pancharatnam phase in mode space
is associated with spin angular momentum (SAM) transfer of
light and optical medium. The GP for OAM of polarized pho-
ton has been studied theoretically by Padgget [12] in Poincare
sphere and experimentally by Galvez et al.[13] in mode space
Bhandari studied the details of GP in various combination
of optical material [14]. Inspired by the works’ of Bhandari on
variable retarders in connection with geometric phase [15], we
here at first like to study the variable circular retarder (VCR)
and variable linear retarder (VLR) from the view point of quan-
tum entanglement. In addition we will study the application
of VLR in antenna array in the context of quantum information
processing.
2. MATRIX REPRESENTATION OF BIREFRINGENT ME-
DIA
The polarization of the incident light if remains unaltered after
going through an optical medium, the state can be identified as
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the eigenvector ~Di of the optical component Mi following the
eigen value equation
M~Di = di~Di (1)
where di is the corresponding eigenvalue of a particular polar-
ization matrix M =

m1 m2
m3 m4

.
The optical properties such as birefringence and dichroism of
a homogeneous medium varies with distance.The passage of
light through an optical element such as birefringent, absorb-
ing or dichroic plate would be to change both dx and dy so that
the effect may be represented by |ψ f >= M|ψi >. For a non-
absorbing plate, there is no change in the intensity and the po-
larization matrix M is therefore unitary detM = 1 which makes
|ψ f | = |ψi|.
The property of birefringence of this optical medium can be
represented by the differential matrix N. At a particular posi-
tion z of optical media, Jones [16] showed that the spatial varia-
tion of the polarization matrix M develops the N matrix. For a
particular wavelength through an infinitesimal distance within
the optical element the propagation of the light vector ε can be
represented by
dε
dz
=
dM
dz
ε0 =
dM
dz
M−1ε = Nε (2)
where it is evident that N is the operator that determines
dM/dz from M as follows
N =
dM
dz
M−1 =

n1 n2
n3 n4

 (3)
Photon is a two state system and can exist in an arbitrary
superposition α|0〉 + β|1〉 as a computational resource, where
|0〉 =

1
0

 and |1〉 =

0
1

. These are the standard unit of
quantum information. Using elementary qubits an arbitrary in-
cident polarized photon can be written as [17] [18].
|ψ〉 = eiϕcosθ/2|0〉+ sinθ/2|1〉 ≈ eiϕ

Y
0
1
Y11

 (4)
which could construct the polarization matrix. Here Ylm are the
spherical harmonics.
Following Berry [19] this polarization matrix (|ψ〉〈ψ| − 1/2)
becomes
M =


Y01Y
∗0
1 − 1/2 Y01Y∗11
Y11Y
∗0
1 Y
1
1Y
∗1
1 − 1/2

 (5)
M =


1
2

 Y
0
1 Y
1
1
Y−11 −Y01


1
2

 cos θ sin θe
iϕ
sin θe−iϕ − cos θ


(6)
This polarization matrix has been determined earlier [20],and
realized lying on the OAM sphere for l = 1. For the conjugate
state
|ψ˜〉 = e−iϕ

 Y
0
1
−Y−11

 (7)
Fig. 1. OAM corresponding l = 1 with m = +1, 0,−1.For
upper hemisphere m = +1 and for lower hemisphere m = −1,
the equatorial linerepresented by m = 0.
the corresponding polarization matrix
M˜ =


1
2

 −Y
0
1 Y
−1
1
Y11 Y
0
1


1
2

 − cos θ sin θe
iϕ
sin θe−iϕ cos θ


(8)
We may construct the OAM sphere for l = 1 with correspond-
ing magnetic quantum no m = 1, 0,−1 . The polarization state
|ψ〉 eq.(3) and polarisation matrix M from eq.(5) exist on the up-
per hemisphere for m = 1 and |ψ˜〉 and polarization M˜ from
eq.(7) on the lower hemisphere for m = −1. Here we consider
the polarization state on the upper hemisphere only. For higher
OAM states l=2,3.., further study is needed to evaluate the po-
larizationmatrix for a particular OAM from the respective prod-
uct harmonics Yml .
Considering z = (cosθ),the thickness of the optical medium,
the N matrix can be obtained [17] from M of eq.(6), where θ is
the angular variable of light after refraction.
N = η


0 −eiϕ
e−iϕ 0

 (9)
The internal birefringence η visualized through eigenvalues
iη have dependence on θ.As the birefringent crystal is twisted
about the direction of transmission, the N matrices are trans-
formed to N(ϑ) by rotation matrix S(ϑ) upon rotation.
N(ϑ) = S(ϑ)NS(−ϑ) (10)
This angle of twist has dependence on crystal parameter N(ϑ)
N(ϑ) = η cos ϕ


0 −1
1 0

− iη sin ϕ


− sin 2 ϑ cos 2 ϑ
cos 2 ϑ sin 2 ϑ


(11)
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We like to consider the incidence of linearly polarized light on
the above twisted matrix. The horizontal and vertical compo-
nent of linearly polarized light can be written in terms of LCP
and RCP in the following manner
|h〉 = 1√
2
(|L〉+ |R〉)and
|v〉 = 1√
2
(|L〉 − |R〉) (12)
where using elementary qubits the circular and linear polar-
isation states of photon |L〉 = 1√
2
(|0〉+ i|1〉) and |R〉 =
1√
2
(|0〉 − i|1〉) The passage of the horizontal component of lin-
early polarized light through this twisted birefringent plate re-
sults.
N(ϑ)|h〉 = −iηcosϕ|v〉+ η√
2
sinϕ(|R〉ei2ϑ − |L〉e−i2ϑ) (13)
The developed emergent wave has combined polarization of
OAM and SAM degree of freedom in association with verti-
cal direction of polarization.It has been realized here that this
twisted birefringent media shows similar behavior of q-plates.
Agarwal [8] pointed out that q-plate helps to couple the spin
and orbital angular momentum. He equated q-plate with the
twisted birefringent plate such as Half wave plate(HWP) which
is in the xy plane having optic axis making an angle ϑ with x
axis. For the standard half wave plates ϑ is a constant. This
angle ϑ(θ) = qθ + ϑ0 will be dependent on some coordinate
when this half wave-plate is made of nematic liquid crystal. He
showed that incident RCP changes to LCP acquiring the orbital
angular momentum with phase e2i(qθ+ϑ0). This idea of q-plate
is is also reflected in [4]
Q¯P|h〉pi |m〉0 = [|L〉pi|m − 2q〉0 + |R〉pi |m + 2q〉0] (14)
In the next section we will study the quantum information
through variable circular retarders made of special half wave
plates.
3. VARIABLE RETARDERS
A. Variable circular retarder(VCR)
An untwisted N matrix (eq 9)for ϕ = pi/2 is represented by
a half wave- plate(H). The passage of LCP and RCP through
half wave plate though changes only SAM, the nontrivial twist
of special Half wave plate by ϑ changes H to H(ϑ) with the
appearance of twist dependent OAM in the incident circularly
polarized light (LCP or RCP).
H(ϑ)|L〉 = η|R〉e2iϑ (15)
similarly
H(ϑ)|R〉 = η|L〉e−2iϑ (16)
This confirms that twisted half wave-plate change the SAM
|L〉 to |R〉 and OAM of the incident polarized light.
Variable circular retarder (VCR) introduces variable phase
between RHC and LHC by rotating an arbitrary state on the
Poincare sphere about the polar axis[15].If the polarized light
from first wave plate H is made to pass through another wave
plate H(ϑ) the combination is as similar as VCR.
HH(ϑ)|L〉 = −η2|L〉e2iϑ (17)
and
HH(ϑ)|R〉 = −η2|R〉e−2iϑ (18)
The polarized light passing through this VCR traces a closed
area on a Poincare sphere for which a geometrical phase of Pan-
charatnam [9] becomes
γLc = 〈L|HH(ϑ)|L〉 = −η2ei2ϑ (19)
and
γRc = 〈R|HH(ϑ)|R〉 = −η2e−i2ϑ (20)
If we apply arbitrary twist of angle α between the two H plates,
LCP acquire similar OAM dependent geometric phase in terms
of 2α without dependence of SAM.
H(ω + α)H(ω)|L〉 = −iη2|L〉e2i(ω+α) (21)
Even number of half wave plates develops non-zero OAM
dependent geometric phase by the change of OAM with no
change in SAM. Both the change of SAM and OAM is visible
if we apply LCP through odd number of times the half wave-
plates.
H(ω + α + β)H(ω + α)H(ω)|L〉 = −iη2|R〉e2i(ω+β) (22)
Hence,in both the cases gain of orbital angular momentum is
observed [21]. The above equation is quite similar to the follow-
ings equation for q-plate [7] [8].
Q¯P|L〉pi |m〉0 = |R〉pi |m + 2q〉0 (23)
Where here the topological charge q is equivalent to the an-
gle of twist of the wave plates that is the source of anisotropy to
the system.
The propagation of polarized light through variable linear
retarder will be our next interest whose application in antenna
array will be studied from the view point of quantum entangle-
ment.
B. Variable linear retarder(VLR)
The gadget that introduces variable phase between the linearly
polarized light by rotating an arbitrary state on the Poincare
sphere about the equatorial line is called Variable linear retarder
(VLR).According to Bhandari [15], VLR can be represented by
sandwiching one HWP at an angle α in between two quarter
wave plates (QWP’s) at identical angle ϑ in the configuration
Q(ϑ)H(α)Q(ϑ) . Using eq.(11) we calculate the required QHQ
gadget for OAM l=1.
Q(ϑ)H(α)Q(ϑ)=−iη
3
2 [[S(2α)−S(4ϑ+2α)]σx−[2S(2ϑ+2α)σy]] (24)
where S(2ϑ) is the rotationmatrix and σx and σ′ys are the Pauli’s
spin matrices. In the context of polarization optics Pancharat-
nam [22] pointed out that if the first and the third QWP’s has
arbitrary retardation 2δ1 and middle HWP has retardation 2δ2
the combination will act as a linear retarder. Inspired by the
works of Bhandari [14] [23] also, we here studied the quantum
information processing through the VLR by the passage of lin-
early horizontal polarized state |h〉whose OAM is initially zero.
Q(ϑ)H(α)Q(ϑ)|h〉 =


−iη3
2 [(i(|R〉ei2α − |L〉e−i2α)
−i(|R〉ei(4ϑ+2α)− |L〉e(−i(4ϑ+2α))
−2(|L〉e(−i(2ϑ+2α))+ |R〉ei(2ϑ+2α))]
(25)
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The above equation visualizes the emergent ray as the combi-
nation of three entangled states of SAM and OAM of linearly
polarized light. The power of OAM in the entanglement states
increases with the orientation of twisted HWP which is sand-
wiched between two QWP’s at same orientation. That means
the turning of external OAM can be controlled by the angle
of twist which is dependent on medium’s parameter. Also the
states are similar (except the number of states) to the final state
of q-plates[7] [8] where OAM generated when a polarized light
passes through twisted birefringent media. Eq.(22) can be rep-
resented by combination of three singlet state |ψ1〉, |ψ2〉and|ψ3〉
|Π〉 = −iη
3
2
[|ψ1〉 − |ψ2〉 − 2i|ψ3〉] (26)
where |ψ1〉 = (i(|R〉ei2α − |L〉e−i2α,|ψ2〉 = i(|R〉ei(4ϑ+2α) −
|L〉e(−i(4ϑ+2α)) and |ψ3〉 = (|L〉e(−i(2ϑ+2α)) + |R〉ei(2ϑ+2α)) the
phase difference between incident and emergent light
〈h|Π〉 = γα = 2η3[sin2α− sin(4ϑ+ 2α)− 2isin(2ϑ+ 2α)] (27)
Fig. 2. Antenna equipped with QHQ phase shifter whose mid-
dle HWP’s are integer multiple of the angle of twist(adapted
from f ig1 of reference 24).
The gadget QHQ thus produces a linearly increasing phase
shift as a function of the orientation of the Half wave plate and
as the phase shifter becomes integermultiple of±ϑ, the geomet-
rical phase increases gradually. This principle was first used
by Fox [24] to introduce a linearly increasing phase difference
between successive elements of an array of radar antennas to
enable to radiate in a chosen direction (Fig.3).In optics,where
one overlooks the wavelength reliance of the refractive index
it will be hard to see the sign inversion due to the restricted
extent in wavelength of the limited range. However, in radio
physics, applications of this kind was considered by Fox, where
one could apply such stage shifters in varieties of radio receiv-
ing wires, for case to guide the light emission cluster of radio
telescopes, the above impacts will produce interesting results.
In optics Bhandari [23] uses the same law of variation of retarda-
tion with wavelength (Fig.3) in case of antenna equipped with
QHQ phase shifter.
Q(ϑ)H(ϑ)Q(ϑ) =
−iη3
2
[[S(2ϑ)− S(6ϑ)]σx (28)
− [2S(4ϑ)]σy]
and
Q(−ϑ)H(−ϑ)Q(−ϑ) = −iη
3
2
[[S(−2ϑ)− S(−6ϑ)]σx (29)
− [2S(−4ϑ)]σy]
This pair of equation shows that Q(ϑ)H(θ)Q(ϑ) and
Q(−ϑ)H(−ϑ)Q(−ϑ) is the inverse of each other in rota-
tion. Corresponding geometrical phase are
γϑ = 2η
3[sin2ϑ− sin6ϑ − 2isin4ϑ] (30)
and
γ−ϑ = 2η3[sin2ϑ − sin6ϑ − 2isin4ϑ] (31)
Now applying successive VLR whose middle HWP’s are inte-
ger multiple of the angle of twist to the horizontal component
of linearly polarized light, we found that angle of twist (ϑ) of
the medium creating a twist dependent external OAM (i.e the
additional helicity in the emergent wave front)
Q(ϑ)H(ϑ)Q(ϑ)|h〉 =


−iη3
2 [i(|R〉ei2ϑ − |L〉e−i2ϑ)
−i(|R〉ei6ϑ − |L〉e−i6ϑ)
−2(|L〉e−i4ϑ + |R〉ei4ϑ)]
= |h′〉
(32)
Q(ϑ)H(2ϑ)Q(ϑ)|h′〉=


−η6
4 [2(|L〉e−i2ϑ+|R〉ei2ϑ)
−(|L〉ei2ϑ+|R〉e−i2ϑ)−(|L〉e−i6ϑ+|R〉ei6ϑ)
+2(|L〉−|R〉)−2(|R〉ei4ϑ−|L〉e−i4ϑ)
−2i(|L〉e−i8ϑ+|R〉ei8ϑ)−2i(|L〉e−i12ϑ+|R〉ei12ϑ)
−2(|L〉e−i10ϑ+|R〉ei10ϑ)]
= |h′′〉
(33)
Fig. 3. Wave front gradually flattened as it passes through
such successive array of antennas(adapted from f ig1 of ref-
erence 24).
Each bracketed states in eq.(31)and eq.(32) are Bell’s state
|ei〉 = 12 [| ↑↓〉 ± | ↓↑〉] developed from SAM and OAM de-
gree of freedom of polarized light passing through VLR. The
power of entanglement of SAM and external OAM (twist de-
pendent) is increased gradually from the state |h′ > to |h′′ >
through the corresponding angle of twist (i.e ϑ) of the H-plate
in QHQ. As the state ψ = ∑i αi|ei〉 is in the particular basis, its
measure of entanglement can be expressed in terms of concur-
rence C = |∑i α2i | [25]. This quantity C achieves a maximum
and minimum value and has dependence on internal birefrin-
gence(i.e θ or most specifically the angle of incident) and the
angle of twist(ϑ) of the optical medium. The respective concur-
rence for h′ and h′′ are
C(h′) = η
6
4
[3− cos4ϑ] (34)
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C(h′′) = η
12
16
[[5− 3cos8ϑ + 2cos12ϑ + 2cos4ϑ] (35)
+ i[4sin10ϑ + 8sin2ϑ + 4sin6ϑ]
In order to measure concurrence it is required to consider 2ϑ =
npi so that all the imaginary terms after being vanished, the fi-
nal C is real. This further implies that the antenna will be more
effective if the two Q’s in QHQ are kept at perpendicular to
the orientation of middle HWP. Variation of concurrence with
ϑ are plotted below.Both the graphs (Fig 4 and Fig 5 ) obtained
from the respective eq(31) and eq(32) visualize that the concur-
rence is depending on the angle of twist (ϑ) and the internal
birefringence η which is dependent on θ, the angle of incidence.
It is also visualized from both the graphs that the value of con-
Fig. 4. C(h′)[the concurrence when light passes through the
first Q(ϑ)H(ϑ)Q(ϑ) of the antenna] vs ϑ [the angle of twist]
and θ [the internal birefringence]
.
currence for C(h′′) is less than C(h′). The gradual flattening
of wave-front as pointed out by Fox and Bhandari [14][23] sup-
ports our findings where the minimum value of concurrence
decreases from C(h′) to C(h′′). From the view point of quan-
tum entanglement we sketch here the application of antenna
array equipped with VLR (QHQ) where the the orientation of
HWP is npi and that of Q’s are npi/2. We can conclude that
the gradual minimum value of concurrence assures the grad-
ual flattening of the wave-front representing the superposition
of entangled states produced through the transmission of circu-
larly polarized light through successive variable linear retarder
(VLR). This confirms the wave front gradually flattened as it
passes through such successive array of antennas represented
by gadget QHQ where middle plate suffer successive rotation
±ϑ, from the nearest one as seen in (Fig.3).
Fig. 5. C(h′′)[the concurrence when light passes through the
second Q(ϑ)H(2ϑ)Q(ϑ) of the antenna] vs ϑ[angle of twist]
and θ [the internal birefringence]
.
4. CONCLUSION
We have considered here the polarization state by spherical har-
monics Ym
l where m varies between l, 0,−l to construct the po-
larization matrix M on OAM sphere for l = 1. Consequently
the differential matrix N representing birefringent medium has
been evaluated which help to identify the twisted Quarter and
Half wave plates. The proper combination of Q and H plates
initiate to study here the variable retarders VCR and VLR. Ob-
viously these retarders are their origin in OAM l=1. As the
circularly polarized light is made to incident on the variable
retarders made of non-trivial wave-plates where the angle of
twist depends on medium’s parameter, entangled state of SAM
and external OAM (dependent of angle of twist) are observed.
We found that VCR and VLR behave like "q"-plates by generat-
ing OAM beams. The strength of OAM in the entangled state
increases by the corresponding change of the orientation of the
HWP in VLR represented by Q(θ)H(ϑ)Q(θ). The physical ori-
gin of flattened shape of wave fronts has been realized by the
real and diminishing values of concurrence of the successive
entangled states through QHQ antenna when only the orien-
tation of H(2ϑ) is npi and perpendicular to the two Q(ϑ) at its
both side. From the view point of quantum entanglement in the
array of antenna (QHQ) made of nontrivial wave-plates (Q, H),
our present study shall initiate a new direction of research with
q-plates.
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